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PREFACE

The present edition incorporates a number of revisions and additions which should improve its usefulness as a textbook without
changing the basic organization or the general philosophy of presentation of the subject matter. The experience of the past few years
at the California Institute of Technology and other schools indicates
that the book has been useful to engineering students who wish to
prepare for more advanced studies and applications of dynamics,
and hence a new edition was felt to be justified.
Among the additions and modifications the following may be
mentioned to indicate the scope of the revision. The section on
dimensional analysis has been rewritten and a brief treatment of the
theory of models has been added. The section on impact problems
has been revised, and a more extensive treatment of variable mass
systems has been included. A more general discussion of the moment of momentum equations for systems of particles has been
added, and the general momentum and energy equations for rigid
bodies have been more completely developed. The discussion of
rotation about a fixed point and gyroscopic motion has been expanded
and somewhat more complex systems have been considered, including
problems on the stability of rolling motion. T h e problem of longitudinal waves in an elastic bar is discussed, and a comparison is made
between wave propagation techniques and vibration methods for
such problems. The discussion of generalized coordinates and Lagrange's equations has been revised, and a general treatment of the
problem of small oscillations of a conservative system has been
added. The sections on the Calculus of Variations and Hamilton's
Principle have been rewritten with some expansion.
Over one hundred new problems have been added to increase the
total number to some four hundred. All of the new problems have
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PREFACE

been thoroughly tested in classroom use. The number of illustrative
examples has been increased and many of the original examples have
been modified.
As in the first edition, the main emphasis of the book is on particle
and rigid-body dynamics, although some other aspects of the subject have been included to show how the methods of classical mechanics are applied to the various branches of engineering science.
Some of these topics, such as fluid dynamics and the kinetics of gases,
have been treated in a very brief fashion. Although the student will
make a more complete analysis of these subjects in specialized courses,
it is believed that the brief discussions will help him to acquire a
broader view of the applied sciences. I n all such instances care has
been taken to use methods that can be extended later for more complete treatments, and the student has been informed of the limitations of the analyses.
As a textbook the main emphasis has been on method and on
development of fundamental principles. The problems form an
essential part of the presentation, and important conclusions are
sometimes given in problems and illustrative examples. The student
should examine such problems and note the results, even if the details of the proofs are not carried through.
G. W. H.

D. E. H.
Pasadena, California
May, 1959
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Chapter 1
THE GENERAL PRINCIPLES O F DYNAMICS

. . . the whole burden of philosophy seems to consist in this, from the
phenomena of motions to investigate the forces of nature, and from these
forces to demonstrate the other phenomena.-I. Newton, Principia Philosophiae (1686).
The science of mechanics has as its object the study of the motions
of material bodies, and its aim is to describe the facts concerning
these motions in the simplest way. From this description of
observed facts, generalizations can be formulated which permit valid
predictions as to the behavior of other bodies.
The motions occurring in nature are the result of interactions
between the various bodies which make up the system under consideration. That portion of the subject of mechanics which describes
the motion of bodies, without reference to the causes of the motion,
is called kinematics, while that portion which studies the relationship
between the mutual influences and the resulting motions is called
kinetics. These two subjects are usually combined under the name
dynamics, and it is this general problem that is to be treated in this
book.
1.1 The Laws of Motion. The principles of dynamics are
founded upon extensive experimental investigations. The first noteworthy experiments were performed by Galileo (1564-1642). Other
investigators followed Galileo, among them being Newton (16421727), who, after carrying out a large number of experiments,
formulated the statements which are now known as Newton's Laws
of Motion :
1
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(1) Every body persists in a state of rest or of uniform motion
in a straight line, except in so far as it may be compelled by force to change that state.
(2) The time rate of change of momentum is equal to the force
producing it, and the change takes place in the direction
in which the force is acting:

n

F = - ( m v ) ; or, for constant m, F
dl

=

ma

(3) To every action there is an equal and opposite reaction,
or the mutual actions of any two bodies are always
equal and oppositely directed.
These statements may be regarded partly as definitions and partly
as experimental facts. As a description of the behavior of bodies of
ordinary size moving with velocities which are small compared with
the velocity of light, these statements have remained to this day the
most convenient expression of the fundamental principles of
dynamics.
1.2 Definitions. The intuitive concepts which arise concerning
such basic quantities of dynamics as force, mass, and time must be
put into a precise form before they can serve as a foundation for the
development of the subject. The following definitions prescribe the
sense in which these words will be used in this book.*
Force and Mass. The primary objective of the science of
mechanics is the study of the interactions which occur between
material bodies. These interactions are of various types and might
be, for example, impacts, electrical or gravitational attractions,
mechanical linkages, etc. Experience shows that during these interactions, the velocities of the interacting bodies are changed.
We define force, by Newton's first law, as an action which tends to
change the motion of a body. The fact that forces arise from
mutual interactions and thus occur in equal and opposite pairs forms

* A considerable difference of opinion has existed amongst various eminent
authorities as to the most logical form in which to cast the basic definitions
and principles of classical mechanics. Controversy has continued to the
present day, and books and papers appear regularly which aim to give a final
clarification to the matter. For a critical survey of this aspect of the subject,
the classic book of E. Mach, Science of Mechanics (1893), is still of great
interest.
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the empirical content of Newton's third law. The concept of force
is made quantitatively precise by the definition that a unit force
produces a unit acceleration of a specified standard body.
The mass of a body may now be defined by Newton's second law
as the ratio of the force acting on the body to the resulting acceleration. By international agreement, the unit of mass is defined as the
mass of a particular platinum-iridium cylinder, called the international prototype kilogram, which is in the possession of the International Committee of Weights and Measures at SBvres, France.
The force exerted upon a body by the earth's gravitational field is
called the weight of the body. The weight of a body is thus variable,
depending upon the location of the body with respect to the earth.
The magnitude of the earth's gravitational field is specified by the
acceleration of gravity (g) which is the acceleration of an otherwise
unrestrained body attracted to the earth. The gravitational acceleration has been determined experimentally and is given at a
latitude and an elevation h ft by the empirical formula:

+

At sea level the maximum variation of g with latitude is of the order
of 0.5%, while the variation from sea level to an altitude of 24,000 ft
is of the order of 0.25%. In engineering it is customary to use a
constant value of g equal to 32.2 ft/sec2.
The mass of any body can be determined by comparing the body
with the standard kilogram. In practice the mass of a body is
usually determined by means of the ordinary balance. The unknown
mass ml is balanced with a known mass m2 so that the weights W1
and Wz are equal. Since ml = Wl/g and m2 = T/Vz/g, it follows that
rnl = mz.
Experiment shows that for the bodies and motions with which the
engineer is usually concerned, the mass of a body is a constant within
the limits of accuracy of measurement. Experiments in atomic
physics, however, show that at sufficiently high velocities the mass
of a particle is not a constant, but, as predicted by the theory of
relativity, is given by

where c is the velocity of light, v the velocity of the particle, and mo
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the mass of the particle a t zero velocity.* Because of the large
magnitude of c, it is impossible to detect the variability of mass a t
even the highest velocities encountered in engineering practice. I t
is important to note that Newton's Second Law refers to a specific
body and does not refer directly to a system which is losing or gaining
material.
A number of different standards of mass have been defined in
terms of the prototype kilogram. In the United States the poundmass avoirdupois has been defined legally by Congress as the 1/2.2046
part of the international prototype kilogram. The pound-force is
defined as the gravitational force exerted on a standard pound-mass
when g has the "standard " value of 32.174 ft/sec2. In engineering
the pound-force is taken as the unit of force, but the pound-mass is
not taken as the unit of mass. The engineering unit of mass is that
mass which is given an acceleration of 1 ftlsecz by a force of 1poundforce. This unit of mass is called a slug and is equal to 32.174 poundmass. Since the multiplicity of standards of force and mass sometimes
leads to confusion, a summary of definitions of a number of the
commonly encountered terms is given in Appendix 11.
Time. The unit of time is the second, which is defined as the
1/86,400 part of a mean solar day. The mean solar day is the yearly
average of the time intervals between successive transits of the sun
past a meridian of the earth.
Length. The international standard of length is the standard
meter, which is defined as the distance, at zero degrees centigrade,
between two lines on a platinum-iridium bar in the possession of the
International Committee of Weights and Measures. The United
States Yard is defined legally by act of Congress as the 360013937 part
of the standard meter, and the foot is defined as one-third of a yard.
1.3 Frames of Reference. In the preceding discussion of acceleration, force, and mass, it has been implied that there exists a
frame of reference with respect to which measurements can be made.
In engineering, unless stated to the contrary, it is always understood
that measurements are to be made with respect to a coordinate

* Some physicists prefer to suppose that the mass is constant and that a t
high velocities a suitable transformation of the space-time coordinates must
be introduced. The resulting equations of motion will of course be the same
as those obtained on the above supposition of varying mass. (See refs. 6
and 16.)
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system which is fixed at the earth's surface. In astronomy, distances
may be measured with respect to certain stars. In any event it is
always necessary to perform measurements in some coordinate
system which is located with respect to some physical object.
The fact that the coordinate system may be located in various
ways naturally raises the question as to the effect its position might
have on the equations of motion and the solution of problems. It is
possible to select a coordinate system with respect to which it is not
permissible to write simply F = ma. An example is a coordinate
system fixed with respect to an airplane which is making a turn. It
then would be necessary to apply a force to a body in order to keep
its observed acceleration equal to zero. The equation F = ma would
not give a correct description of the motion if the acceleration were
measured with respect to an accelerating coordinate system, for it
would be necessary to add correction terms which take into account
the motion of the coordinate system. It is clearly an advantage to
locate the coordinate system so that such correction terms are not
required. I t was formerly customary to define an absolute space
and to refer all measurements to a coordinate system fixed with
respect to absolute space. I t is now recognized that all measurements are relative, and the concepts of absolute space and time have
been discarded. The location of the coordinate system is now based
upon experience. We locate the system so that the equation F = ma
describes the motion within the required limits of accuracy.
The difficulties associated with the ideas of absolute space, absolute
time, and the location of coordinate systems might seem to be
chiefly problems of philosophy, I t was just these difficulties, however, which led to the formulation of the Theory of Relativity, which
has been of such importance in the development of modem physics.
1.4 Fundamental and Derived Units. A physical quantity can
be measured by a comparison of a sample with a known amount of
the same quantity. The known amount which is taken as a reference is called a unit, and the specification of any physical quantity
requires both an indication of the units used and a numerical value
which gives the number of units contained in the sample.
For the measurement of the physical quantities with which we shall
be concerned in mechanics, it is found convenient to use three independent units. In engineering it is customary to use the unit of

6
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length (foot), the unit offorce (pound), and the unit of time (second),
as the threefundamental units. All other quantities can be expressed
in terms of the three fundamental units. The unit of acceleration,
for example, is written (ftlsecz), and the unit of mass, which, from
the equation F = ma is seen to be equal to force divided by acceleration, is written (lb sec2/ft). Such units are called derived units to
indicate the fact that they are expressed by combinations of the
fundamental units. As a matter of convenience the derived units
are sometimes given special names. For example, the foregoing
derived unit of mass is called a slug. Many of the derived units have
no special names, however, velocities being referred to as so many
ft/sec, accelerations as so many ftlsec2, etc.
The system of units described in the preceding paragraph, in which
length-force-time are the fundamental units, is called the (L-F-T) or
gravitational system of units. In physics it is customary to take
length-mass-time as the fundamental units. This system is called
the (L-M-T) or absolute system of units. The words "gravitational"
and "absolute" are merely the names of the systems, and it should
not be inferred that there is anything absolute about a system of units.
The (L-M-T) system differs from the (L-F-T) system only in that
the unit of mass instead of the unit of force is taken as the third
fundamental unit. In the (L-M-T) system the fundamental units
are named the centimeter, the gram, and the second. The derived
unit of acceleration is cm/sec2, and the unit of force is that force
which gives a mass of one gram an acceleration of one cmlsec2.
This derived unit of force, the gram crnlsec2, is called the dyne.
1.5 Dimensions. Quantities which are measured in terms of
derived units are often called secondary quantities, as distinguished
from +rimary quantities, which are measured in fundamental units.
The measured values of such secondary quantities can always be
expressed as products and quotients of certain numbers, as in the
following examples :
n l f t = ---(n1)(12in.) =
velocity = v = n2 sec (nz)(iP,-mm)
n1 lb
- (n1)(I6 02) (ns &jmin)2
mass = m =
n2ft/(nssec)2 (n2)(12in.)
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in which the constants a, b, c refer to the size of the units, L, F , T,
and the constants n1, nz, ns, refer to the number of such fundamental
units contained in a particular sample of the quantity.*
A consequence of the particular form of the secondary quantities
is the fact that the ratio of two measured values of a secondary
quantity is independent of the sizes of the fundamental units used,
for if:

then :

since the constants a, b, c which define the size of the fundamental
units cancel. This type of independence is of course very convenient for any practical system of units which is to be used to
describe physical situations.
Generalizing from the above examples, we may say that a
secondary quantity q will have the form:

where [FaLW'] is the derived unit, and the exponents a, p, y are
called the dimefisions of q. Some common secondary quantities
and their dimensions are listed in the following tables.
Quantity
Length
Time
Force
Mass
Velocity
Acceleration

(L-F-T) System
L
T
F
FT2L-1
LT-1
LT-2

(L-M-T) System
L
T
MLT-2
M
LT-1
LT-2

* So-called dimensional constants are sometimes encountered. For example,
the area of a rectangle could be written as A = clw, where A is the area in
acres, 1 the length in feet, w the width in feet, and c = 2.296 x 10-6 acres/ft2.
By a proper selection of units, the dimensional constant can always be given
a value of unity; in the above example, if the unit of area is square feet,
c = 1. It will be noted that secondary quantities, according to the definition
given above, involve systems of units for which c = 1.
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Quantity

( L -, F - T ) System

Area
Volume
Density
Momentum
Work, Energy, Heat
Power
Pressure, Stress
Moment
Viscosity
Angle

( L - M - T ) System

L2
L2
L3
L,3
FT2L-4
ML-3
FT
MLT-1
FL
MLZT-2
FLT-1
MLZT-3
FL-2
ML-IT-2
FL
ML2T-2
FL-2T
ML-IT-1
dimensionless

The number of fundamental units is to a certain extent arbitrary.
In the field of thermodynamics a fourth fundamental unit is commonly added, which is usually taken as temperature 0. In the field
of electricity, a fourth fundamental unit is also commonly added,
which is often taken as the electric charge Q. The dimensions of
some common thermodynamic and electrical quantities follow:
Quantity
Temperature
Thermal Conductivity
Entropy
Gas Constant
Electric Charge
Current
Voltage
Resistance
Inductance
Capacitance

(L-F-T)System
8
FT-18-1
F L 8-1
~2~-28-1

Q

QT-1
FQ-1L
FQ-2LT
FQ-2LT2
F-IQ~L-I

( L - M - T )System
8

MLT-38-1
ML~T-28-1
LZT-28-1

Q

QT-1
MQ-1L2T-2
MQ-2L2T-1
MQ-2L2
M-lQ2L-2T2

We have shown above that secondary quantities having the form
of products of powers of the primary quantities have the proper
independence of unit size. The converse statement is also true, and
it can be shown in general terms that the secondary quantity must
have this particular form. Consider, for example, two secondary
quantities :

and impose the condition that:

a

(e)

42
aa

=

0, etc.
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The solution of these equations will give the form of the function
which will satisfy the condition of independence of size of units and
which will be found to involve products of powers as indicated above.
1.6 Dimensional Homogeneity. Every equation that describes a physical process should be dimensionally correct, that is,
the dimensions on one side of the equation should be the same as the
dimensions on the other side. In the dimensional equations that
follow, we shall indicate the fact that it is the dimensions only which
are equated by enclosing the dimensional expression in square
brackets. For example, the equation for the radial force F,, acting
upon a mass m which moves in a circle of radius r with velocity v is:

Dimensionally,

The equation is thus dimensionally correct. If the dimensions of
such an equation do not check, then we know that an error of some
kind exists.
As a second example, consider the equation describing the velocity
of a particle falling through a resisting medium :

where :

v
W
k
m
t
The dimensions of

= velocity [LT-11

weight of the body [F]
= resistance factor [FTL-11
= mass of the body [FT2L-11
= time [TI
=

C-

t are:
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(3

and the dimensions of - are:

Thus the equation is dimensionally correct.
I n the second example it will be noted that the exponent of the
term e-(klm)t is dimensionless. I n any expression of the type
log x, ex, sin x, cosh x, etc., the argument x can always be written as
a dimensionless quantity. This follows from the fact that dimensional homogeneity of an equation involving transcendental functions can be maintained only if the arguments are dimensionless.
This may be seen, for example, by examining the series expansion
for a typical function of this kind:
Having the arguments in a dimensionless form has the advantage
that the terms are independent of the size of the particular fundamental units used.
It is always possible to write a dimensionally homogeneous equation in the form:

...

represent dimensionless quantities and 4 indicates
where nl,nz,
that .rrl can be written as a function of the other dimensionless
quantities. For example, taking the equation used in the second
example above,

we see that this can be put in the form:

where the quantities

($)and (
t )i
are both dimensionless.

1.7 Dimensional Analysis. A study of the dimensions of the
quantities involved in a physical problem may yield some useful
information about the form of the solution. The brief treatment of
this subject which follows is intended to indicate the application of
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the method to mechanics problems, and it should be realized that a
rigorous development of the various theorems and a thorough
examination of the foundations and limitations of the method would
require a much more extended discussion.*
An example has been given of the way in which a dimensionally
homogeneous equation can be expressed in terms of dimensionless
parameters. We shall now indicate the principle behind this
transformation.
If the variables which enter into a particular problem are
(vl, vz . . . v,), the solution of the problem may be written as:
We shall show that under certain conditions this equation can be
written as:
where the 771, TZ,. . . terms are dimensionless, and we shall show
how to determine the number and the composition of these T-terms.
A general requirement which we shall impose on our dimensional
system is that the function f (vl, vz, . . . vn) should remain unchanged
as the sizes of the fundamental units entering into the v's are changed.
In mechanics the equations describing the basic laws are by definition
independent of the size of the fundamental units, and it thus follows
that any equations derived from the basic laws will also have this
same independence. Equations that satisfy this condition are called
$hysical eqzcations.
The variables entering the problem can be written in terms of their
dimensions as :

* The classic book on the subject is P. W. Bridgman, Dimensional Analysis
(1922). I t is interesting to note that this subject has led to many differences
of opinion amongst eminent scientists and engineers. A good summary of
many of these discussions is given in the book by C. M. Focken, Dimensional
Methods, and the other books mentioned in the bibliography may be consulted
for other proofs and examples.
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One of the dimensions, as for example all can be eliminated from the
equations by the following change of variables: *
~ 1=
' vl
= [LaiF~iTyi]

--as = [LOFWW]

vZf = 212211

a~

The original equation in terms of these new variables becomes:
Note that the new variables (vz', vat, . . . v;-~) have zero a-dimension,
since the transformation equations have been chosen so that the
a-dimension cancels from all terms except vl. If the function f is to
be independent of a change in size of the fundamental unit L, then
the variable v l which still contains a must have been eliminated by
the above change of variables so that the original equation becomes:
=0
f1(vz', v3#,. . .
In this new function f l the a dimension has disappeared, and the
number of variables has been reduced by one.
By repeating the above process the /3 dimension can be eliminated
through the following change of variables :
v2" = v2'

in terms of which fl becomes:
But f l is to be independent of changes of size of the fundamental unit
F , which appears only in the vz". The equation must then be
independent of v ~ and
" can be written :
f2(~3', ~ 4 " ., . . 4 - 2 ) = 0

* This procedure follows that given in E. B. Wilson's excellent book, A n
Introduction to Scienti3c Reseavch.

